Quantum error correction is discussed for a quantum computer in contact with a decohering environment. It is argued that ancilla-based correction can be accomplished wholly by unitary operations. Under rather general assumptions upon the form of the computer-environment interaction, the encoded qubit state is shown to be stabilized against the decoherence for short times t, the distortion terms of the computer density matrix being of the order
I. INTRODUCTION
The idea of computers engaging principles of quantum mechanics has attracted a considerable attention in recent years. The initial motivation, to enhance classical computational devices, was soon overcome by finding that the quantum superposition principle, if adopted as an element of the computing theory, renders feasible certain algorithms that are substantially more efficient than their classical counterparts. However, a practical implementation of such algorithms is fraught with technical difficulties. The main potential obstacle turns out to be connected with the destructive effects due to interference of the environment [1] [2] [3] [4] .
In the decoherence process, the entanglement of environmental and computer states hinders enormously recovering of the latter. Unruh [2] showed, on a model of an environment, that the characteristic decoherence time scale sets a serious lower bound on the needed speed of quantum computers. To a certain extent, decoherence acts in a similar way as other errors referred to as noise in classical computers. Consequently, error correcting methods based on cloning and the quantum watchdog effect were devised [5, 6] .
In early days of quantum computers little attention was paid to intrinsically non-classical states, i.e., when the computer is in a non-trivial superposition of the basis logical states.
Since non-classical states were recognized to augment considerably the power of quantum computers, and since cloning and watchdog effect did not quite apply to them, there was an urging need to propose a better suited correcting procedure. Shor [7] was the first to succeed in designing an error correcting scheme applicable to general decoherence errors. His method invokes encoding of the state of N qubits into a state of 9N qubits and periodically reconstructing the original state. Quite recently, the original algorithm has been improved to cut down the necessary redundancy from 9N to 5N [8] , with 5N being known to saturate the quantum version of the Hamming bound for classical error correcting codes. Algorithms allowing for simultaneous errors on more than one qubit have also been considered [9] .
The common feature of all error correcting codes presented so far is their apparent independence of the qubit representation, whose origin is in conveniently chosen assumptions upon the form of the decohering interaction. On the contrary, decoherence is in its essence manifestly representation dependent having the property of suppressing harshly the information carried by the off-diagonal terms of the computer's density matrix in a privileged basis (the pointer basis, [1] ). Thus, correction is possible only in situations when much of the original state has not decohered yet, i.e., if only potentially controllable errors can occur within a rather short period of time.
The main objective of this paper is to discuss these suggestions and to demonstrate, in a rather general situation, the stabilizing effect of the correcting procedures upon the computer state being exposed to a coherence-destructive interaction. In particular, we shall show quantitatively that the departure from the initial state due to decoherence is slowed down considerably by the correction procedures.
II. CORRECTION METHODS IN DENSITY MATRIX FORMALISM
The quantum computer, as any other realistic quantum system, is inevitably coupled to its environment (typically a huge system comprising many degrees of freedom). During the run of a computation, the state of the computer undergoes a sequence of various rapid unitary transformations. At the instants when the computation steps are being carried out, the coupling to the environment is well negligible due to the dominance of the interactions within the computer. However, a majority of the computing time is spent for re-adjusting of the gates, while the quantum registers storing qubits are interacting exclusively with the environment. This leads to decoherence-no matter how weak is this interaction, the available information on the quantum system effectively leaks out to the environment to dissolve in the vast stretches of its phase space [1, 4] . Although the generic systems typically exhibit quasiperiodicity (see, e.g., Unruh [2] bearing in mind that his formula for J(t) can be shown to be exact, by employing the coherent-state formalism [10] ), and no information is lost forever, the destructive "leakage" of both amplitude and phase information is deadly for quantum computation.
Mathematically, decoherence (i.e., a joint time evolution T (t) of the system along with its environment, seen from the system's point of view) of the computer from the initial state ̺ 0 is described by the chain
where ̺ e 0 is the initial environmental density matrix and ̺ t is given by the partial trace over the environmental degrees of freedom.
For the sake of simplicity, we will discuss the situation when decoherence-induced errors affect quantum information stored in a single quantum register. The simplest such register (qubit) can be represented by a two-level quantum system, the levels standing for the logical states |0 and |1 . Let ̺ e 0 = i w i |e i e i | be the diagonal form of the initial density matrix of the environment, with |e i being an orthonormal basis of environmental states and w i their weights. The action of the evolution operator T (t) is specified by the following equations
where |g i , |l i , |u i and |m i are some unknown environmental states containing t as an implicit variable. The resulting environmental states are, in general, neither normalized nor orthogonal; due to unitarity, they are just subjected to the following constraints:
For the qubit in a superposition of the logical states, the stored quantum information is entirely contained in the amplitudes of this superposition. The scheme in Eq. (1) clearly results, under evolution (2), in a loss of quantum information.
The crucial observation leading ultimately to the correcting codes is that the timedependence of the evolution operator T (t) can be totally embodied in the environmental Hilbert space. Namely, T (t) admits a trivial factorization
T µ (t) and Q µ (µ = 0, 1, 2, 3) act on the environmental and qubit states, respectively. Let
Then the explicit form of T µ (t) and Q µ can be read off the formula
Here σ x , σ y and σ z are Pauli matrices in the basis |0 and |1 . This equation has led to a "discrete" classification of quantum errors. Namely, the four terms in the array represent no error (1), a phase error (σ x ), an amplitude error (σ z ), and a combined amplitude and phase error (−iσ y = σ z σ x ). Note, however, that this interpretation of errors is very sensitive to the choice of the qubit representation.
In the recent error correcting codes, the above-described decoherence process is rendered harmless by encoding the single-qubit state |ψ into an n-qubit state and by specific actions undertaken upon the encoded state. The encoding can be formalized by the following scheme
where |Φ ± are two particular orthonormal states of the n-qubit system. A sensible encoding has to satisfy certain conditions. We shall consider here only the simplest codes [7, 8] which are designed to correct all single qubit errors. Then the encoding is to be chosen so that the states |Φ ± , together with those obtained by acting on the k-th qubit in |Φ ± by single Pauli matrices from Eq. (3),
are all mutually orthogonal. Note that for n=5, which is the minimum number that allows one to build a correcting code [8] , the whole 2 n -dimensional space of the encoded qubit is spanned by the above 2(3n+1) states.
We write the evolution T (t) of the encoded qubit together with its environment as follows,
Here the main term has the form
where |a k i , . . . , |d k i are environmental states that can be, supposing independence of the environments of qubits (environmental Hilbert space having the product structure), identified with the corresponding vectors in Eq.(3). Based on the intuition that multiple errors are suppressed, it is believed that for sufficiently short times t the norm of |δX i± is small.
The dominance of the term in Eq. (7) will be actually shown, in Sect. III, to originate from a natural assumption upon the computer-environment interaction.
Let ̺ 0 = |Ψ Ψ| with |Ψ from Eq.(4). A trivial observation shows that if the |δX i± term in Eq. (6) is disregarded, the partial density matrix ̺ t has the following block structure
Irregardless the form of the non-diagonal blocks in Eq.(8), the density matrix ̺ t conserves the complete information on both the amplitudes α and β. This is why the density operator D t of the compound environment-register system can be transformed to the formD t =̺ e t ⊗ ̺ 0 , in which the register is returned to the initial pure state ̺ 0 = |Ψ Ψ|.
The algorithms which perform the error-correcting transformation may pursue several different strategies. The first possible realization begins with a reduction of the partial density matrix ̺ t to one of the diagonal blocks in Eq. (8) , which may be interpreted as a partial measurement on the register. After this operation, the register is already in a pure state that can be unitarily reverted into the initial one. The feasibility of the above specific measurement on the qubit space is, however, questionable.
In the second variant of the correcting algorithm, as proposed by Shor [7] , the same effect is achieved with the aid of an auxiliary quantum object called ancilla. The ancilla prepared in a fixed state |χ is transformed, in dependence of the qubit subspace, to become entangled with the qubit, see step (b) in Eq.(10) below. The final orthonormal ancilla states corresponding to the qubit subspaces of the four terms of Eq.(8) are |φ , |ω k , |γ k and |λ k , respectively. By measuring the ancilla state, one reduces also the qubit density matrix to the form with a single diagonal block, producing the same outcome as in the first variant.
It is easy to see that the ancilla-based correction procedure can be fully realized by unitary operations without invoking any measurement in the course of correcting (unlike suggested in [7, 9] ). The unitarity can be demonstrated by the following chain:
|χ |a
Here (a) represents the dominant part of the spontaneous evolution, (b) corresponds to reading of the qubit state by the ancilla, and (c) stands for the rectification of the qubit state according to the ancilla state. Since the correcting procedure ignores the environmental states (as it must), the unitarity of (b) and (c) follows from the orthogonality of 3n+1 concerned vectors in each step. The resulting unitary operation can be clearly extended to the whole ancilla-environment-computer Hilbert space.
It is evident that if a pure state α|Φ + + β|Φ − has evolved according to Eq. (10), it is perfectly recovered at the end. The step (c) can be viewed as a result of specific ancilla-qubit interactions that compensate the qubit-environment interaction. This unitary variant of the correcting procedure is, in our opinion, the most favourable one, since it can be incorporated (at least in principle) into the computing algorithm. In practice, however, some measurement would have to be employed for preparing the ancilla in its initial state |χ at the moment t, when the correction procedure is initiated.
III. CORRECTION EFFICIENCY
As already mentioned above, the correcting procedures function only when the qubit state has not departed very far from the initial one, i.e., when the norm of |δX i± in Eq. (6) is small-neglecting this term with respect to |X i± is harmless to the efficiency of the correcting procedure. This is generally believed to be true in the limit of short times. The aim of this section is to give a quantitative meaning to this presumption.
In accordance with the treatment of the watchdog effect, the total probability that the register has survived N subsequent corrections with equal time separation ∆t = t/N in an initial state |ψ , is
with δ ψ (t) = 1 − Prob ψ (t, 1). There is an inequality above, and not equality, which accounts for the possibility of an accidental recovery of the initial state. Note that δ ′ ψ (0) = 0 implies lim N →∞ Prob ψ (t, N) = 1. Conversely, δ ′ ψ (0) = 0 would be a disaster, since no matter how often the correction were performed, the probability would decay exponentially with time.
The encoded qubit |Ψ = α|Φ + + β|Φ − is exposed to the interaction with an environment being in the state |e i . If we assume that the qubits in |Φ ± do not directly interact with each other (i.e., their interaction is mediated by the environment), then the Hamiltonian H can be written in the form
Here h 
Note that the Hamiltonian has exactly the form controllable by correction methods. In particular, we may identify the term that is linear in H with the single-error ansatz α|X i+ + β|X i− in Eq. (7). By subtracting this term from the integral above we obtain
A comparison with Eq.(7) yields |a
Note that the model of independent environments of each of the qubits is no longer needed-the intuitive reasoning following Eq. (7) is replaced by a physically transparent assumption (12) on the form of the Hamiltonian.
The first two terms on the right-hand side of Eq. (14) can be handled by the correction procedure. Now we employ the fact that it can be made unitary. Take an ancilla prepared in the state |χ and carry out the correction, represented by the operator S, to get
with |φ k µ being the four-vector (|φ , |ω k , |γ k , |λ k ) from Eq. (10) . Note that we have assigned no explicit time-dependence to S. The reason is that the correcting mechanism is thought to be much faster than the decay of the computer state due to decoherence.
Moreover, decoherence processes are effectively frozen in the course of correcting, since the interaction is dominated by S.
Let us consider the environment in a mixed initial state ̺ e 0 = i w i |e i e i |. Assume that we have recast the last equation in the language of density matrices. The total probability that we arrive at the original state |Ψ after performing one correction procedure is given by Tr(P Ψ D t ). Here P Ψ = 1 ⊗ 1 ⊗ |Ψ Ψ| is the orthogonal projection on the state |Ψ and D t stands for the total density matrix of the combined system ancilla-environment-computer.
Consequently, the formula for δ Ψ (t) reads
It is easy to show that δ Ψ (0) = δ The above formula is obscured by the explicit appearance of the correction operator S.
If we assume the worst case, that the correcting of higher order terms on the right hand side of Eq.(14) leads to no further recovery of the original state, the projection 1 − P Ψ can be replaced by 1. This upper estimate allows us to get rid of the correcting operator S as well as the ancilla state |χ in Eq.(16). The formula for δ Ψ (t) then reads
This inequality may serve as the basis for approximate calculations of the maximal efficiency of a general correcting procedure. In particular, for small t we get
Here − denotes the average with respect to the original density matrix. In realistic situations, the environment is initially in a thermal state. Hence, the prefactor H 4 is finite for every H bounded from below. Thus, the Taylor expansion of Prob Ψ (t, 1) around t = 0 has a good meaning and the distortion terms are indeed of the order O(t 4 ). Moreover, a more careful treatment of Eq.(16) shows that for short times the prefactor in (18) is dominated by the interaction part of the Hamiltonian.
IV. CONCLUSION
In conclusion, we have verified that repeated execution of the correcting algorithm slows down propagation of errors during the computational process, and estimated the efficiency of this procedure. The bound (18) articulates quantitatively the observation that the correction procedures affect the terms (in the wave function) linear in time (and in the coupling constant of the interaction). The terms which are not reverted back to the original state are, therefore, of the order at least t 2 . Orthogonality arguments lead to the described t 4 behaviour of the probability of errors.
The assumption (12) on the type of interaction is very general since it excludes only the case of contact interaction of the qubits. The non-contact interactions come up, for example, in models of environment by quantum fields. In particular, in one of recent proposals for the technical implementation of quantum computers by means of cold-trapped ions [11] , the ions strongly interact with each other (by exchanging single photons and phonons). Their interaction, however, can be always interpreted as being mediated by some environment, materialized by the above-mentioned (quasi-)particle fields.
Finally, note that unless the correcting procedure is carried out infinitely often, there arises an exponential probability of errors that are beyond the scope of the correcting methods. Namely, the bounds (11) and (18) imply, for ∆t = t/N, the approximate relation Prob Ψ (t, t/∆t) ≈ e −t/τ .
Here τ −1 = (∆t) 3 H 4 /4 sets a general inverse time scale for the error correction. Namely, decoherence can be regarded negligible only for t ≪ τ . Since there are principal limitations on the frequency of error corrections given by the space separation of the qubit carriers as well as the energy scale, the destructive leakage of information to the environment cannot be fully prevented. Incorporating of the correcting algorithm into the run of the computation can, however, considerably reduce the requirements on the technical design of the quantum computers and facilitate their future practical implementation.
